In these notes we give a version of the Alperin-Goldschmidt Fusion Theorem for localities.
Localities and fusion systems
The notions of partial group and locality are due to Chermak and we refer the reader to [Ch, Section 2] for the definitions and the basic properties. If L is a partial group, we will denote by D(L) its domain and by Π : D(L) → L its partial product. We will also say that (L, ∆, S) is a locality when (L, S) is a locality via ∆ according to [Ch, Definition 2.9] .
Let (L, ∆, S) be a locality. For g ∈ L we write S g = {s ∈ S | (g −1 , s, g) ∈ D(L) and s g ∈ S}.
More generally, if w = (g 1 , g 2 , . . . , g r ) is a word of elements of L we write S w for the set of elements s of S such (g −1 1 , s, g 1 ) ∈ D(L) and s g 1 ∈ S, (g −1 2 , s g 1 , g 2 ) ∈ D(L) and (s g 1 ) g 2 ∈ S, etc... Notice that if w ∈ D(L) then S w ≤ S Π(w) . We also recall that w ∈ D(L) if and only if S w ∈ ∆. In particular, S g ∈ ∆ for all g ∈ L.
Lemma 1.1 ( [Ch, Lemma 2.7] ) Let (L, ∆, S) be a locality.
is an isomorphism of groups.
A fusion system over a p-group S is a way to abstract the action of a finite group G ≥ S on the subgroups of S by conjugation. We refer the reader to [AKO, Chapter I] for the definitions, the basic properties and the usual notations about fusion systems. An important example is given by the fusion system of a locality.
Example Let (L, ∆, S) be a locality. The fusion system of L over S is the fusion system F S (L) generated by {c g :
We recall that, if F is a fusion system over a p-group S, we say that P ≤ S is fully normalized in F if 
(ii) N L (P)/P contains a strongly p-embedded subgroup.
Denote by ∆ e ⊆ ∆ the subcollection of L-essential subgroups of S.
Notice also that for a subgroup P ≤ S to be L-essential, we do not require P to be centric in L as it is required in [Ch] Definition 2.4.
Proof We will say that g ∈ L admits an essential decomposition if there exists Q 1 , Q 2 , . . . , Q n ∈ ∆ e ∪ {S} and w = (g 1 , g 2 , . . . , g n ) ∈ D(L) such that (a) and (b) are satisfied. Notice that we have the followings.
(1) If g ∈ L admits an essential decomposition then g −1 admits an essential decomposition.
..,gn) = S g 1 g 2 ···gn and each g i admits an essential decomposition, then g 1 g 2 · · · g n admits an essential decomposition.
Assume Theorem 2.4 is false and, among all g ∈ L which does not admit an essential decomposition, choose g with |S g | as large as possible. Set P = S g , P ′ = P g and F = F S (L).
and g admits an essential decomposition with n = 1, Q 1 = S and w = (g). Thus, we can assume that P < S.
. Hence, by Lemma 1.1 and Sylow's Theorem (applied in N L (Q)), we can choose h and h ′ such that N S (P) h ≤ N S (Q) and N S (P ′ ) h ′ ≤ N S (Q). Then P < N S (P) ≤ S h and P ′ < N S (P ′ ) ≤ S h ′ and, by maximality of |S g | = |P| = |P ′ |, h and h ′ admit an essential decomposition. The word
Therefore, if g ′ admits an essential decomposition, then, by (1) and (2), g admits an essential decomposition. Now, if Q < S g ′ , then the maximality of |S g | = |P| = |Q| implies that g ′ admits an essential decomposition. Thus Q = S ′ g and, up to replace g by g ′ , we can assume that P is fully normalized and g ∈ N L (P).
If P ∈ ∆ e , then g admits an essential decomposition with n = 1, Q 1 = P and w = (g). Thus, P ∈ ∆ ∆ e and N L (P)/P does not contain a strongly p-embedded subgroup. Since P is fully normalized, N S (P) ∈ Syl p (N L (P)) and, by Lemma 2.2, we can write g as a product g = g 1 g 2 · · · g n with, for i ∈ {1, 2, . . . , n}, P < N S (P) ∩ N S (P) gi . We have P ≤ S (g 1 ,g 2 ,...,gn) ≤ S g = P and so S (g 1 ,g 2 ,...,gn) = S g . Now, as P < N S (P) ∩ N S (P) gi ≤ S gi , the maximality of |S g | = |P| yields that each g i admits an essential decomposition. Therefore, by (2), g admits an essential decomposition which contradicts the initial assumption.
As mention before, for a subgroup P ≤ S to be L-essential, we do not require P to be centric. Indeed, Theorem 2.4 does not work if we add this requirement.
Example Let L = Σ 3 be the symmetric group over 3 letters and p = 2. let S =< (1, 2) > and ∆ be the collection of all the subgroups of S (i.e. ∆ = {S, {e}}). Then (L, ∆, S) is a locality where S and {e} are L-essential. But only S is centric and (1, 2, 3) is not the product of elements in N L (S) = S.
3 Application to transporter systems
Transporter systems and localities
We refer the reader to [OV1, Definition 3 .1] for the definition of transporter system. The typical example is the following.
Example Let G be a finite group S ∈ Syl p (G) and ∆ an F -invariant collection of subgroups of S. The transporter category of G over S with set of object ∆ is the small category T = T ∆ S (G) with set of objects ∆ and, for P, Q ∈ ∆,
By [OV1, Proposition 3.12] , it is a transporter system associated to F S (G).
In [Ch, Appendix X], Chermak gives a one-to-one correspondence between localities with fusion system F and transporter systems associated to F . One direction of this correspondence is given by the following construction.
Definition 3.1 Let (L, ∆, S) be a locality. We define the transporter system of (L, ∆, S) as the category T ∆ (L) with set of object ∆ and with, for P, Q ∈ ∆,
By [Ch, Lemma X.1] , this define a transporter system associated to F S (L).
Proposition 3.2 ([Ch, Proposition X.9]) Let F be a saturated fusion system over a p-group S, and T be an associated transporter system. Then there exists a locality (L, ∆, S) 
3.2 Alperin's Fusion system for transporter systems Definition 3.3 Let F be a saturated fusion system and T be an associated transporter system. A subgroup
(ii) Aut T (P)/P contains a strongly p-embedded subgroup.
Denote by T e the full subcategory of T with set of objects S and all the T -essential subgroups of S.
Let (L, ∆, S) be a locality. By definition, a subgroup P ≤ S is T ∆ (L)-essential if and only if P is L-essential.
The following Theorem gives a generalization of the Alperin Fusion Theorem for transporter systems [OV1, Proposition 3.10].
Theorem 3.4 Let F be a fusion system over a p-group S. If T is a transporter system associated to F , then every morphism in T is a composite of restrictions of automorphisms of S or T -essential subgroups.
Proof By Proposition 3.2, there is a locality (L, ∆, S) such that T = T ∆ (L). Let P, Q ∈ ∆ = Ob(T ) and choose g ∈ Mor T (P, Q) ⊆ L. Without loss of generality, we can assume that P = S g and Q = S g g . By Theorem 2.4, there exists Q 1 , Q 2 , . . . , Q n ∈ ∆ e ∪ {S} and w = (g 1 , g 2 , . . . , g n ) ∈ D(L) such that, (i) for every i ∈ {1, 2, . . . , n}, g i ∈ N L (Q i ) and S gi = Q i ; and (ii) S w = S g and g = Π(w).
We have P = S g = S w ≤ S g 1 = Q 1 and inductively, for 1 ≤ i ≤ n − 1, P g 1 ···gi ≤ Q i+1 = S g i+1 . Thus g is the composite of the restriction of g i ∈ Aut T (Q i ) to g i ∈ Mor T (P g 1 ···g i−1 , P g 1 ···gi ), for 1 ≤ i ≤ n.
The following Corollary, which is a direct consequence of Theorem 3.4, may be helpful when computing limits over transporter systems.
Corollary 3.5 Let F be a fusion system over a p-group S. Let T be a transporter system associated to F and let F : T G G A be a functor into an abelian category A Then,
We can for example use the previous corollary with F = F S (G), where G is a finite group and S ∈ Syl p (G), and F = H * (−, M) for M a Z (p) [G]-module.
